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Abstract
In this paper we obtain an explicit recursion relation for the Wick products of the CAR algebra in
terms of Wick products of lesser order and the bracket of the Fermi fields. This formula extends to
Fermi fields the recursion formula given by I.E. Segal for Bose fields (cf. §1.4 in [I.E. Segal, Non-
linear functions of weak processes. I, J. Funct. Anal. 4 (1969) 404–456] and §7.1–7.2 in [J.C. Baez,
I.E. Segal, Z. Zhou, Introduction to Algebraic and Constructive Quantum Field Theory, Princeton
Univ. Press, NJ, 1992]).
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1. Introduction
Let H be a complex Hilbert space, and let C(H) be the CAR (canonical anticommuta-
tion relation) algebra over H, i.e., the C∗-algebra generated by the set{
a∗(f ), a(f ) | f ∈H},
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B.J. Gonzalez, E.R. Negrin / J. Math. Anal. Appl. 318 (2006) 380–386 381together with a unit e, and whose elements satisfy the anticommutation relations
a(f )a∗(g) + a∗(g)a(f ) = 〈f,g〉e, (1.1)
a∗(f )a∗(g) + a∗(g)a∗(f ) = 0, (1.2)
a(f )a(g) + a(g)a(f ) = 0, f, g ∈H, (1.3)
where 〈.,.〉 denotes the inner product of H.
We will denote
ψ(f ) = a∗(f ) + a(f ), f ∈H.
As usual, we will refer to ψ(f ) as the Fermi field, and a∗(f ) and a(f ) as the creation
and annihilation operators, respectively.
Here, we obtain a recursion relation for the Wick products of the Fermi fields
ψ(f1), . . . ,ψ(fn) in terms of Wick products of lesser order and the bracket of the Fermi
fields.
From this formula we prove that the expectation value vanishes for the bracket of the
Wick products of order n and the Fermi fields, being n ∈ N, n > 1.
For the case of Bose fields, the corresponding formula is given by I.E. Segal in [5, §1.4]
and I.E. Segal et al. [1, §7.1 and 7.2].
Heuristically, these formulae state that both Wick products (Bose and Fermi cases) sat-
isfy commutation (anticommutation relations) analogous to those of the ordinary products,
but is “renormalized” so as to have zero expectation value relative to the Fock (vacuum)
state.
Our treatment benefits from the interpretation on Wick products of Bose fields given in
the above references and in [4].
2. The recursion relation for the Wick products
Definition 2.1. A Fock (vacuum) state on C(H) is a linear functional E on C(H) such that
E(e) = 1 and
E
(
a∗(f1) · · ·a∗(fm)a(g1) · · ·a(gn)
)= 0,
E
(
a∗(f1) · · ·a∗(fm)
)= 0,
E
(
a(g1) · · ·a(gn)
)= 0
for all f1, . . . , fm and g1, . . . , gn in H, and all m,n ∈ N.
Remark. Note that from [2, formula (2.5), p. 252] there exists a unique linear functional
satisfying the preceding conditions.
An explicit mathematical (algebraic) definition of Wick-ordered products of the CAR
algebra was formulated in [3] as follows.
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ment of C(H) given by
:ψ(f1) · · ·ψ(fn): =
∑
S⊆{1,...,n}
δP
{∏
k∈S
a∗(fk)
}{ ∏
k∈{1,...,n}−S
a(fk)
}
, (2.1)
where δP denotes the sign of the permutation needed to permute 1, . . . , n into the order in
which it appears in the formula, and the summation ranges over all subsets S of {1, . . . , n}.
Remark. From relations (1.1)–(1.3), the products involved in the right-hand side of
formula (2.1) are independent of the order of the factors. Thus, the Wick product
:ψ(f1) · · ·ψ(fn): is well defined.
Definition 2.3. A monomial of degree n in C(H) is an element of the form z1 · · · zn with
the zj denoting a(fj ) or a∗(fj ), for some fj in H. For any z denoting a(f ) or a∗(f ),
f ∈H, one defines the bracket
{z1 · · · zn, z} = z1 · · · znz − (−1)nzz1 · · · zn.
This operation extends by linearity to a finite linear combination of monomials in C(H).
Remark. Note that the above Wick product is a finite linear combination of monomials of
degree n.
With these notations we have the next results.
Lemma 2.1. Let n ∈ N, n > 1, f1, . . . , fn ∈H, then, for any j , 1 j  n − 1, one has
:ψ(f1) · · ·ψ(fj )ψ(fj+1) · · ·ψ(fn): = −:ψ(f1) · · ·ψ(fj+1)ψ(fj ) · · ·ψ(fn):.
Proof. For the case when n = 2 and using Definition 2.2 one has
:ψ(f1)ψ(f2): = a(f1)a(f2) + a∗(f1)a(f2) − a∗(f2)a(f1) + a∗(f1)a∗(f2)
and
:ψ(f2)ψ(f1): = a(f2)a(f1) + a∗(f2)a(f1) − a∗(f1)a(f2) + a∗(f2)a∗(f1),
which from relation (1.2) and (1.3) is equal to
−a(f1)a(f2) + a∗(f2)a(f1) − a∗(f1)a(f2) − a∗(f1)a∗(f2) = −:ψ(f1)ψ(f2):.
The proof for the general n follows from a similar argument to that used for n = 2 and
having into account the sign of the permutations involved into both definitions. In fact,
:ψ(f1) · · ·ψ(fj )ψ(fj+1) · · ·ψ(fn):
=
∑
S⊆{1,...,n}
δP
{∏
k∈S
a∗(fk)
}{ ∏
k∈{1,...,n}−S
a(fk)
}
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:ψ(f1) · · ·ψ(fj+1)ψ(fj ) · · ·ψ(fn):
=
∑
S⊆{1,...,n}
δP ′
{∏
k∈S
a∗(fk)
}{ ∏
k∈{1,...,n}−S
a(fk)
}
,
where δP denotes the sign of the permutation needed to permute 1, . . . , j, j +1, . . . , n into
the order in which it appears in the formula and δP ′ denotes the sign of the permutation
needed to permute 1, . . . , j + 1, j, . . . , n into the order in which it appears in the formula.
It is clear that these permutations have different sign. 
Lemma 2.2. For any f,f1, . . . , fn ∈H, n ∈ N, it follows that
ψ(f ):ψ(f1) · · ·ψ(fn):
= :ψ(f )ψ(f1) · · ·ψ(fn):
+
n∑
j=1
(−1)j−1:ψ(f1) · · · ψ̂(fj ) · · ·ψ(fn):E
(
ψ(f )ψ(fj )
)
, (2.2)
where ψ̂(fj ) indicates that the term ψ(fj ) is not occurring.
Proof. For the case when n = 1 it establishes that
ψ(f )ψ(f1) = :ψ(f )ψ(f1): + E
(
ψ(f )ψ(f1)
)
e,
which is easily seen to be valid by direct computations from formula (2.1).
Now, for n > 1,
ψ(f ):ψ(f1) · · ·ψ(fn):
= ψ(f )
∑
S⊆{1,...,n}
δP
{∏
k∈S
a∗(fk)
}{ ∏
k∈{1,...,n}−S
a(fk)
}
= (a∗(f ) + a(f )) ∑
S⊆{1,...,n}
δP
{∏
k∈S
a∗(fk)
}{ ∏
k∈{1,...,n}−S
a(fk)
}
= a∗(f )
∑
S⊆{1,...,n}
δP
{∏
k∈S
a∗(fk)
}{ ∏
k∈{1,...,n}−S
a(fk)
}
+ a(f )
∑
S⊆{1,...,n}
δP
{∏
k∈S
a∗(fk)
}{ ∏
k∈{1,...,n}−S
a(fk)
}
. (2.3)
From relations (1.1)–(1.3), the definition of δP and the fact that E(ψ(f )ψ(fj )) =
〈f,fj 〉, formula (2.3) yields to
ψ(f ):ψ(f1) · · ·ψ(fn): = :ψ(f )ψ(f1) · · ·ψ(fn):
+
n∑
δj :ψ(f1) · · · ψ̂(fj ) · · ·ψ(fn):E
(
ψ(f )ψ(fj )
)
,j=1
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permutation is (−1)j−1. So, formula (2.2) holds. 
Lemma 2.3. For any f1, . . . , fn, f ∈H, n ∈ N, it follows that
:ψ(f1) · · ·ψ(fn):ψ(f )
= :ψ(f1) · · ·ψ(fn)ψ(f ):
+
n∑
j=1
(−1)n−j :ψ(f1) · · · ψ̂(fj ) · · ·ψ(fn):E
(
ψ(fj )ψ(f )
)
, (2.4)
where ψ̂(fj ) indicates that the term ψ(fj ) is not occurring.
Proof. This result is a consequence of Lemma in [3] and the fact that the sign of the
permutation 1, . . . , jˆ , . . . , n, j is equal to (−1)n−j . 
Theorem. The Wick product of the CAR algebra satisfies the recursion relation{:ψ(f1) · · ·ψ(fn):,ψ(f )}
=
n∑
j=1
(−1)n−j{ψ(fj ),ψ(f )}:ψ(f1) · · · ψ̂(fj ) · · ·ψ(fn): (2.5)
for all f1, . . . , fn, f ∈H, n ∈ N, where ψ̂(fj ) indicates that the term ψ(fj ) is not occur-
ring.
Proof. Observe that, from Lemma 2.1
:ψ(f1) · · ·ψ(fn)ψ(f ): = (−1)n:ψ(f )ψ(f1) · · ·ψ(fn):.
Therefore
:{ψ(f1) · · ·ψ(fn),ψ(f )}:
= :ψ(f1) · · ·ψ(fn)ψ(f ): − (−1)n:ψ(f )ψ(f1) · · ·ψ(fn): = 0.
Now, by Lemmas 2.2 and 2.3 one has
0 = :{ψ(f1) · · ·ψ(fn),ψ(f )}:
= :ψ(f1) · · ·ψ(fn):ψ(f )
−
n∑
j=1
(−1)n−j :ψ(f1) · · · ψ̂(fj ) · · ·ψ(fn):E
(
ψ(fj )ψ(f )
)
− (−1)nψ(f ):ψ(f1) · · ·ψ(fn):
+ (−1)n
n∑
j=1
(−1)j−1:ψ(f1) · · · ψ̂(fj ) · · ·ψ(fn):E
(
ψ(f )ψ(fj )
)
= {:ψ(f1) · · ·ψ(fn):,ψ(f )}
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n∑
j=1
(−1)n−j :ψ(f1) · · · ψ̂(fj ) · · ·ψ(fn):E
(
ψ(fj )ψ(f )
)
+ (−1)n
n∑
j=1
(−1)j−1:ψ(f1) · · · ψ̂(fj ) · · ·ψ(fn):E
(
ψ(f )ψ(fj )
)
.
Taking into account that
E
(
ψ(fj )ψ(f )
)= 〈fj , f 〉 and E(ψ(f )ψ(fj ))= 〈f,fj 〉 = 〈fj , f 〉
one has that
0 = {:ψ(f1) · · ·ψ(fn):,ψ(f )}
− 2
n∑
j=1
(−1)n−j Re〈fj , f 〉:ψ(f1) · · · ψ̂(fj ) · · ·ψ(fn):
and thus
0 = {:ψ(f1) · · ·ψ(fn):,ψ(f )}
−
n∑
j=1
(−1)n−j{ψ(fj ),ψ(f )}:ψ(f1) · · · ψ̂(fj ) · · ·ψ(fn):.
The proof of theorem is complete. 
From this result and the definition of the Fock (vacuum) state on C(H) given in Defini-
tion 2.1 it follows
Corollary. Let C(H) be the CAR algebra over a complex Hilbert space H, and let E be
the Fock (vacuum) state on C(H). Then for any f1, . . . , fn, f in H, one has
(a) E({:ψ(f1):,ψ(f )}) = 2Re〈f1, f 〉,
(b) E({:ψ(f1) · · ·ψ(fn):,ψ(f )}) = 0, for all n ∈ N, n > 1.
Remark. It is clarifying to check formula (2.5) for the case when n = 2. In fact, note that
:ψ(f1)ψ(f2): = ψ(f1)ψ(f2) − E
(
ψ(f1)ψ(f2)
)
e.
Thus {:ψ(f1)ψ(f2):,ψ(f )}
= ψ(f1)ψ(f2)ψ(f ) − E
(
ψ(f1)ψ(f2)
)
ψ(f )
− ψ(f )ψ(f1)ψ(f2) + E
(
ψ(f1)ψ(f2)
)
ψ(f )
= −(ψ(f )ψ(f1) + ψ(f1)ψ(f ))ψ(f2)
+ ψ(f1)
(
ψ(f2)ψ(f ) + ψ(f )ψ(f2)
)
= −2Re〈f1, f 〉ψ(f2) + 2Re〈f2, f 〉ψ(f1)
= −{ψ(f1),ψ(f )}ψ(f2) + {ψ(f2),ψ(f )}ψ(f1).
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